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Abstract. To every morphism \- L ~~ > M of differential graded Lie algebras we 
associate a functors of artin rings Def x whose tangent and obstruction spaces are 
respectively the first and second cohomology group of the suspension of the mapping 
^ | cone of x- 

Such construction applies to Hilbert and Brill-Noether functors and allow to prove 
£\J ' with ease that every higher obstruction to deforming a smooth submanifold of a Kahler 

manifold is annihilated by the semiregularity map. 
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Introduction 

. This paper is devoted, as its ancestors |22| and [23], to develop algebraic tools that are 

useful to handle deformation problems over a field of characteristic 0. The philosophy 
underlying this project, due to Deligne, Drinfeld and Kontsevich, is that every "rea- 
sonable" deformation problem is the truncation of an extended deformation problem 
which is governed by a differential graded Lie algebra (DGLA) and every morphism of 
deformation theories is induced by an Loo-morphism. 
Usually, the formal deformations of an algebro-geometric structure are described by a 
functor of Artin rings [Q, |27| . The link between differential graded Lie algebras and 
functors of Artin rings is given by the Maurer-Cartan equation. More precisely, to every 
CN ' differential graded Lie algebra L it is associated the functor ^2], [2U|, [2J 

c-- ; 

, Deft,: {Local artinian rings} — > {Sets} 

in ■ , 

■n f r A \ {x e L 1 ®m A \dx + [x, x}/2 = 0} 

UeiL(A) = : — 

gauge equivalence 

where is the maximal ideal of A. The functor Def^ depends only by the quasiiso- 
morphism class of L. 

In practice, the advantage of this approach concerns especially the study of higher ob- 
structions. Classically these obstructions were studied using Massey products (see e.g. 
jHj, [2H]) but, as well explained in [2B], "Massey product structures can be very helpful, 
though they are in general described in a form that is unsatisfactory." 
In most cases, the replacing of the Massey product structure with the appropriate DGLA 
structure allow to prove new results and easier proofs of old results. On the other side 
it is not always easy to determine the right DGLA governing a deformation problem. 
The first goal of this paper is to develop some algebraic tools that are useful to relate 
differential graded Lie algebras and semitrivial deformations; the paper [2fi| works on 
the same goal with a different approach. 

The embedded deformations of a submanifold is the most classical example of semitriv- 
ial deformation problem. Roughly speaking, we have a manifold X and a submanifold 
Z C X. The idea is to consider the embedded deformation of Z in X as the deformations 
of the inclusion map Z X inducing a trivial deformation of X. One other classical 
example is the Brill-Noether functor, i.e. deformations of a bundle inducing trivial de- 
formation of its cohomology. 
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The key point is the definition of a functor Def x associated to a morphism x : L — > M 
of differential graded Lie algebras and the verification that this functor has the same 
formal properties of Def^; in particular the implicit function theorem (Theorem 12. lj) 
still holds. Then, using the trick of path-objects we see that there exists a new DGLA H 
such that Def x = Def#. This construction allows for example to determine a differential 
graded Lie algebra that governs embedded deformations and avoid the use, as in [I], of 
higher order differential operators. 

The second goal of this paper is to check the utility of this approach is a series of concrete 
examples; in particular we are able to prove the following result (Theorem 19. lj) . 

Theorem 0.1. Let Z be a smooth closed submanifold of a compact Kdhler manifold 
X and let u) be a closed differential (p,q)-form on X such that oj\ z = 0. Then the 
obstructions of embedded deformations of Z inside X are contained in the kernel of the 
contraction map 

JW : H\Z,N Z \ X ) - HI+HZ,^- 1 ). 

As applications of Theorem I (J, II we get the vanishing of all higher obstructions to 
embedded deformations under Bloch's semiregularity map (Corollary 19. 2|) and the un- 
obstructness of Lagrangian submanifolds of a holomorphic symplectic variety (Corollary 

EM- 
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General notation. We always work over the filed C, although most of the results of 
algebraic nature are valid over an arbitrary field of characteristic 0. Unless otherwise 
specified the symbol ® denotes the tensor product over C. 

The term DGLA means differential Z-graded Lie algebras, while dg-algebra means a 
differential Z-graded, graded-commutative and associative algebra. 
Unless otherwise specified, every complex manifold is assumed compact and connected. 
For every complex manifold X we denote by: 

• Tx the holomorphic tangent bundle on X. 

• A v x the sheaf of differentiable (p, g)-forms of X. More generally if E is a holo- 
morphic vector bundle on X we denote by A x q (E) the sheaf of differentiable 
(p, g)-forms of X with values in E and by A P X 9 (E) = T(X, A P X 9 (E)) the space of 
its global sections. 

• For every submanifold Z C X, we denote by N%\x the normal bundle of Z in 
X. 

1. Background 

Let Set be the category of sets and Art the category of local Artinian C-algebras 
(A,m) with residue field A/m = C. 

Following [22j, by a functor of Artin rings we intend a covariant functor T : Art — * Set 
such that -7-"(C) = {one element}. 

By the term Schlessinger's condition we mean one of the four conditions (Hi), ■ ■ ■ , (H4) 
described in Theorem 2.1 of |27j . 

The functors of Artin rings are used to describe infinitesimal deformations of algebro- 
geometric structures. 

Example 1.1. Let A be a complex manifold and let Z C X be an analytic subvariety 
defined by a sheaf of ideals I C Ox ■ 

The infinitesimal embedded deformations of Z in X are described by the Hilbert functor 
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Hilbf : Art Set, 

Hilbj^(A) = {ideal sheaves Za C Ox <S>c A, flat over A such that C?u C = X}. 

Let X = (®K l ,d, [,]) be a differential graded Lie algebra; given (A, m) G Art, the set 
of Maurer-Cartan elements with coefficients in A is by definition 

MC K (A) = ix G K 1 <g)tn I <ix + ^[x,x] = o| , 

where the DGLA structure on if (gim is given by the natural extension of the differential 
d and the bracket [ , ] defined as 

d(v <g> a) = d(v) <S> a, [v ® a, w ® b] = [v, w] ab. 

bmce ®ra is a nilpotent Lie algebra, its exponential group exp(iT <g> m) can be 
defined as the set {e a \ a G K° <g> m}; we have e a e b = e a ' b , where • is the Baker- 
Campbell-Hausdorff product (see e.g. US], |2*i] ). 

The gauge action exp(K° ®m) x MCk(A) — » MCj^(A) is given explicitly by the formula 

r a In 

e a * to = to + > — rr([a, w] — da). 

(n + 1) u J 

n>0 V ' 

Remark 1.2. The vector space dK~ l is a Lie subalgebra of if and exp(dfC -1 <8> tn) is 
contained in the stabilizer of 0. More generally, for every x G M.Ck(A) the subspace 
(d + [x, — ])ET _1 <g) m is a Lie subalgebra of K° ® m and the group 

is contained in the stabilizer of x. It is easy to verify that for a G K° 8 m we have 

e a S x (A)e~ a = S y (A), where y = e a * x. 

We shall call the group S X (A) the irrelevant stabilizer of x. 

The functor Def^ : Art — > Set is defined as the quotient of Maurer-Cartan by the 
gauge action, 

De(K{A) = MCffA) 
v ' exp(_FT°®m) 

The functor Defx satisfies the Schlessinger's conditions (Hi), (#2) (see [221,0) an d its 
tangent space Defi<-(C[e]/(e 2 )) is naturally isomorphic to H l (K). 

We point out for later use that, if H l (K) = 0, then the functor Def^ is trivial and then 
for every x G MCk{A) there exists a G K° ® m such that x = e a * 0. 



Definition 1.3. We say that a functor of Artin rings T : Art — ► Set is governed by a 
differential graded Lie algebra K if T is isomorphic to Def^. 

Example 1.4. Let £ be a holomorphic vector bundle on a complex manifold X, then 
the functor of infinitesimal deformations of E is governed by the differential graded Lie 
algebra 

K = ® i > K i , K { = A^(EndGEO), 
endowed with the Dolbeault differential and the natural bracket. More precisely if e, g are 
local holomorphic sections of End(.E') and 4>, tp differential forms we define d((pe) = (d(f))e, 
[(j)e,ipg] = 4> A ip[e, g\. We refer to [El, [III Chap. VII], [HI Sec. 9.4], Pag. 238] for 
the proof that Def/c is isomorphic to the functor of infinitesimal deformations of E. 
Here we only note that, for every (A,m) G Art and every x G MCk(A), the associated 
deformation of E over Spec(A) is the bundle whose sheaf of holomorphic section is the 
kernel of 

d + x: A° X °(E) <g> A^A x l {E) ® A. 
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2. Mapping cone of DGLA morphisms 

Let x : L —* M be a morphism of differential graded Lie algebras; by definition the 
mapping cone of % ls > the complex (see e.g. Cone(x), where Cone(x)* = L l+1 © M l 
and the differential is given by the formula 

L i+l ®M i 3 (l,m) i-» (-dl,- x (l) +dm) G L i+2 ®M i+1 . 

We are interested to the suspension of the mapping cone (SMC) of x'i it is the dif- 
ferential graded vector space (C x ,5), where C l = L l © M i_1 and the differential 5 is 
defined as 

5(1, m) = (dl, x(l) — dm). 
The projection C x — > L is a morphism of complexes and there exist boundary operators 
H l (M) — > H t+l (C x ) giving a long exact sequence 

► H\C X ) -> H^L^H^M) -> F m (C x ) -► • • • 

In general does not exist any bracket on the suspended mapping cone making C x 
a DGLA and the projection C x — > L a Lie morphism. Nevertheless, there exists a 
natural notion of Maurer-Cartan equation and gauge action and we are able to define 
the associated deformation functor. 
For every local Artinian C-algebra (A, m) we define 

MC X (^) = { („, *) G (L 1 © m) x exp(M0 9 m) | dx + \ [x , x] = 0, e* * = o} , 
Def x (A) 



MC X (A) 



exp(L° (8i m) X exp^M^ 1 <g> m) ' 
where the gauge action is given by the formula 

(e l , e dm ) * (x, e a ) = {e l * x, e dm e a e" x{l) ) = (e l * x, e dm *«»(-x(0)). 

We now analyze the main properties of the functors Def x . 

Functoriality. Every commutative diagram of differential graded Lie algebras 



L -A H 



(1) 



x 



n 



f 

M I 



induces a natural transformation of functors Def x —* Def „ and a morphism of complexes 
of vector spaces C x — > C v . 

Theorem 2.1 (Inverse function theorem). If the diagram (^Q) induces a quasi-isomorphism 
C x — ► C„, then the natural transformation Def x — > Def^ is an isomorphism. 

The proof is quite long and, for the clarity of exposition, it is postponed at the end 
of Section [3 

If K is the kernel of a morphism x : L ~^ M of DGLA, then there exist natural 
transformations 

Defo ^Def x ^Def L . 
If x is surjective, then Def j<- ~ Def x ; if M is acyclic, then Def x ~ Def/,. 

Tangent space. The tangent space of a functor T is by definition the space J-(C[e\), 
where e 2 = 0. 
Therefore 

MC x (C[e]) = { (x, e a ) G (L 1 ® Ce) x exp(M° <g> Ce) | ds = 0, e a * X {x) = x{x) - da = 0} 
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~ {(x,a) G L 1 x M° I dx = 0, x(x) - da = 0} = ker(5: C\ -» C 2 ). 

Two elements (x, a), (y, b) G ker (5 are gauge equivalent if and only if there exists (c, z) G 
L° x M- 1 such that 

y = x — dc, b = dz + a — x(c), or equivalently (x, a) — (y, b) = 5(c, z). 

In conclusion the tangent space of Def x is isomorphic to H l (C x ). 

Obstructions. The obstruction space of Def x is naturally contained in H 2 (C X ). 
Consider in fact a small extension in Art 

— >C — >A^B — >0 

and let (x,e«) G MC X (B). 

Since a is surjective there exists a pair (y, e p ) G L 1 <g) x exp(M° <g) ttia) such that 

a(y) = x and a(p) = q. 

Setting 

^ = dy + i[y,y] G L 2 ® C, r = e p * X (y) G M 1 <g> C 
we have <5(/i, r) = 0. In fact, 

dh = ^d[y,y] = [dy, y] = [h,y]-^ [[y, y],y]. 

By Jacobi identity [[y, y],y] = 0, while [h,y] = because the maximal ideal of A anni- 
hilates the kernel of a; therefore dh = 0. 
Since x{v) = eP *r = r + e~ p * 0, we have 

, M ^ -p n , , [r + e-P*0,r + e-P*0] 
XW = d(r + e p * 0) + = 

= dr + d{e p * 0) + 1 ^ l - = dr, 

where the last equality follows from the fact that e~ p * satisfies the Maurer-Cartan 
equation in m^. 

The cohomology class of (h, r) in H 2 {C X ) is well defined and is exactly the obstruction 
of lifting (x, ei) to a MC X (A). 

A straightforward computation shows that the primary obstruction is the quadratic map 
H\C X ) -> H 2 (C X ), (x,a) h- \{[x,x], [a, X (x)]), 

Lemma 2.2. Let x- L — > M be a morphism of DGLA and assume that either 

(1) L 1 = 0, or 

(2) [L 1 , L 1 ] = and [M ,dM ] = 
Then Def x is smooth. 

Proof. In the first case the Maurer-Cartan equation dl + [Z, Z]/2 = %(0 — e<l * = 
reduces to e _a * = which is equivalent to da = 0. 

In the second case the Maurer-Cartan equation dl + [I, l]/2 = — e~ a * = reduces 
to dl = xiP) — da = and then MC X is smooth. □ 

Proposition 2.3. Let 

L — > H 

x 

M — > I 

be a commutative diagram of morphisms of differential graded Lie algebras. 

If the functor Def^ is smooth, then the obstruction space of Def x is contained in the 

kernel of H 2 {C X ) -» H 2 (C V ). 



6 



MARCO MANETTI 



Proof. The horizontal arrows are morphisms of DGLA; the explicit description of ob- 
structions given above implies that the two morphism Def x — > Def^ and H 2 (C X ) — > 
H 2 (C rj ) commute with obstruction maps. 

The smoothness of Def^ means that every obstruction vanishes in H 2 (C V ). □ 



3. Example: deformations of cohomology groups 
For every pair V, W of graded vector spaces we denote by 

Horn* ( V, W) = iW (V,W), 

iez 

where 

Hornby, W) = {f: V - W \ f(Vj) C W i+j } = JjHom(^-, W i+j ). 

3 

If (V,dv) and (W,dw) are differential graded vector spaces, then Hom*(V, W) has a 
natural differential 

5: Hornby, -► Hom i+1 (V, W), £(/) = d w f - {-l) dcg( - f) fd v . 

Every / G Hom*(V, W) such that = induces naturally a morphism H(f) G 
Hom l (.£P(V), i?*(W)) and for every i the natural transformation 

H : (Horn* (V,W)) — > Horn* (H* (V) , H* ( W)) 

is an isomorphism. 

Every pair of morphisms of complexes p: V — > V, g: W — ► W induces a morphism of 
differential graded vector spaces 

r: Kom*(V,W)->Kom*(V',W'). 

Notice that if p, q are quasiisomorphisms, then r is a quasiisomorphism. 
Given a differential graded vector space (V, d), the spaces 

Hom*(V, V), Hom+(y) = 0Hom i (V,V) 

i>0 

are differential graded Lie algebras with bracket 

[/,<?] :=fog-(-l) dc ^ dc ^gof. 

Note that 5(f) = [d, f] and / G Hom 1 (F, V) satisfies the Maurer-Cartan equation if and 
only if (d + f) 2 = 0. 

Lemma 3.1. IfV,W are quasiisomorphic complexes of C-vector spaces, then Hom*(V, V) 
and Horn* (W, W) are quasiisomorphic as differential graded Lie algebras. 

Proof. Since every complex of vector spaces contains its cohomology as a subcomplex, 
it is not restrictive to assume V C W a subcomplex. 

The subspace K = {/ G Hom*(W, W) \ f(V) C 7} is a differential graded Lie subal- 
gebra and there exists a natural morphism of DGLA K — > Hom*(V, V). There exists a 
commutative diagram of complexes with exact rows 

— ► K Hom*(W,W) — ► Hom*(y,iy/y) — ► 



/3 



— > Hom*(y,y) — ► Hom*(y,M/) — ► Hom*(y,Ty/y) — ► 

Since Hom*(V, W/V) is acyclic and 7 is a quasiisomorphism, it follows that also a and 
(3 are quasi-isomorphisms. □ 
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It is clear that the inclusion of DGLA's Hom + (V, V) C Rom* (V,V) induces an iso- 
morphism of deformation functors. 

Denoting, for notational simplicity, L = Hom + (V, V), for every local Artinian C-algebra 
(^4,m), the Maurer-Cartan elements M.C l(A) are exactly the deformations of the dif- 
ferential d over A, while the group exp(L° (S> m) is the group of automorphisms of the 
graded A-module V ® A lifting the identity on V . 

Definition 3.2. We shall say that x G MCl{A) gives a deformation of H l (V,d) if the 
cohomology group H l (V (g> A, d + x) is a flat A-module and the projection onto the 
residue field induce an isomorphism H l (V (g> A, d + x) ®a C ~ H l (V, d). 

It is clear that the subset of x G MCl(A) giving a deformation of H l (V,d) is stable 
under the gauge action. We recall that every flat module over an artinian ring is free. 

Lemma 3.3. In the notation above, if H (V (g) A, d + x) and H i+ (V (8> A, d + x) are 
deformations of H l ~ l (V,d) and H t+1 (V,d) respectively, then also H % (V <8> A, d + x) is a 
deformation of H % ( V, d) . 

Proof. This is standard (see e.g. pQ). □ 

Lemma 3.4. In the notation above, assume that the complex (V,d) is bounded, i.e. 

(V,d): — .y^A^ym+iA^ Uv n — >0 

for some pair of integers m < n. Then x G MCl(A) is gauge equivalent to if and only 
if the (entire) cohomology of (V ® A, d + x) is a deformation of the cohomology of(V,d). 

Proof. First we note that every deformation of a vector space over A is trivial and then 
the cohomology of (V ® A, d + x) is a deformation of the cohomology of (V, d) if and 
only if H(V ®A,d + x)~ H(V ®A,d) = H(V, d) ® A. 

By definition, if a £ L (8>m, then e a *x = e a {d+x)e~ a — d and therefore x,y G MCl{A) are 
gauge equivalent if and only if the complex (V <g> A, d + x) is isomorphic to (V A, d + y) . 
In particular if x is gauge equivalent of then the cohomology of (V <8> A, d + x) is 
isomorphic to the cohomology of (V <£> A,d). 

Conversely assume that x G MCl(A) and H(V ® A,d + x) ~ H(V ® A,d); since the 
complex is bounded, the local flatness criterion implies that there exists an isomorphism 
of complexes (V®A,d + x) ~ (V ® A, d). □ 

Choosing an index i, we consider the truncated complex 

Then there exists a natural morphism of graded vector spaces 

T { : Rom + (V,V) ^ Rom* (TiV,TiV), 

induced by the inclusion TjV C V and the projection V — * T^V ■ It is straightforward to 
check that Tj is a morphism of DGLA; moreover the commutative diagram 

Hom+(y,y) Hom + (F,y) 

Hom*(TjV, r^V") — ► 
induces a natural transformation of functors Def^ — * Def^. 

Proposition 3.5. In the notation above, assume it is given a deformation of the complex 
x G MC L {A). The class [x] G Def L (A) belongs to the image ofT>ei Ti {A) -> Y)ei L (A) if 
and only if the cohomology group H l (V <S> A,d + x) is a deformation of H l {V,d). 
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Proof. By definition, the image of Def^-A) — > Def^tA) is the kernel of 

Ti\ Def L (A) — » Def Horn* (TiV.TiV) 

The proof is an immediate consequence of Lemma 111 41 and Lemma □ 



4. Example: Brill-Noether functors of vector bundles 

Let E, F be holomorphic vector bundles on a compact complex manifold X of di- 
mension n. We want to describe the deformations E± of E such that dim H l (F ® F^) = 
dim.£P(F ® F) for every index i. 

We have seen that the infinitesimal deformations of E are governed by the differential 
graded Lie algebra 

L = ®i> Q L\ V = Af(End(E)). 

This means that for every (B, n) £ Art 

DefzX-B) ~ {F# — > x Spec(B) \ Eb is a deformation of E}/ ~ 

where ~ denotes isomorphism of deformations. Our attention is devoted to the subfunc- 
tor T C Def^, 

^(S) = {E B -> X x Spec(B) \ H\F ® F B ) is a deformation of £P(F ® £?)}/ ~ . 
Every x £ U induces naturally morphisms of sheaves 

x : A^ J '(F ® F) A^ +i (F ® F). 

Denoting by 

(A X (F ® F),d) : 0^A^°(F ® F^A^F (2) E)-^> ■ ■ ■ -^A°^ n (F ® F)^0 

the Dolbeault complex of -F ® F, there exists a natural morphism of DGLA 

X: L — ► Horn* (A(F ® F), A(F ® E)). 

For every x £ MC l(B) we denote by Eb, x —> X x Spec(B) the corresponding defor- 
mation of F. We recall that 

£>(F ® Eb,x) = ker(A^°(F ® E) ® B ^ A°^{F ® F) ® 5) 
and then the complex of sheaves 

A°x(F ®E)®B ^ A°/{F ® E) ® B — A^ 2 (F ® E)®B ^ ■ ■ ■ 

is a fine resolution of F ® Eb >x - As a consequence, the cohomology of F ® Eb, x is 
isomorphic to the cohomology of the complex of free F-modules 

A°/(F ® F) ® £ ^> A^(F ® F) ® 5 ^> A^ 2 (F ® F) ® 5 ^> • • • 

Lemma 4.1. Consider the morphism of differential graded Lie algebras 

L := A / (End(F) ) Horn* (A X (F®F), A x (F® F)). 

TTien £/ie subfunctor T is the image o/Def x — > Def^. 

in particular, the tangent space of T is the kernel of the natural map 

i? 1 (End(F)) -> 0Hom(iT i_1 ( i? ® E),H i (F®E)). 



LIE DESCRIPTION OF HIGHER OBSTRUCTIONS TO DEFORMING SUBMANIFOLDS 9 

Proof. The first part is an immediate consequence of the results of the previous sections. 
The tangent space is the kernel of 

F 1 (End(S)) -» H 1 (Horn* (A X (F®E),A X (F ® E))). 

On the other hand, according to Lemma l3.1l we have 

H 1 (Horn* (A x (F®E),Ax(F®E))) = <3i Hom^" 1 (F ® E), H l (F <g> E)). 

□ 

As an application we get a new proof of the following smoothness theorem of Green 
and Lazarsfeld |14j . 

Theorem 4.2. In the notation above, if X is compact Kahler, E G Pic°(X) and F is a 
flat unitary bundle, then Def x is smooth. 

Proof. We first point out that, if G is a flat unitary vector bundle on X, then it makes 
sense to consider the sheaves £l x (G) = ker(<9) of G- valued antiholomorphic differential 
forms and, by Hodge theory on G, the inclusion of complexes 

(T(X,n x (G)),0)c(A x *(G),d), 

is an injective quasiisomorphism. 

Since E is flat unitary it is not restrictive to assume E = O x \ the differential graded 
Lie algebra L is then abelian and isomorphic to the complex (A x *, d). Denoting by 

M = {a G Horn* (A X (F), A X (F)) \ a(T(X,TT x (F))) C r(X,n* x (F))} 
we have a commutative diagram of morphisms of DGLA 

l <- r(x,n* x ) ^ nx,n x ) 



X 



n 



Horn* (A X (F),A X (F)) <- M -» Hom*(r(X, Q X (F)),T(X, U X (F))). 

The horizontal arrows are quasiisomorphisms and therefore Def x = Def^ by Theorem 
12.11 Then, according to Lemma 12.21 the functor Def.^ is smooth. □ 



5. Example: the Hilbert functor of a smooth submanifold 

Let X be a smooth complex manifold of dimension n and denote by T>er p (A x * , A x *) 
the sheaf of C-derivations of degree p of the sheaf of graded algebras (A x , A) (note that 
deVer\A x *,A x *)). 

The DGLA structure on the sheaf Ver*(A° x * ,A° X *) = ® p Ver p (A° x * ,A° X *) is induced by 
the standard bracket 

[/,<?] :=/°S-(-l) dcg{/)deg(9) <?°/, 

and the differential 

df :=[dJ}=dof-(-l) d ^f)fod. 

For every p we interpret A° X P (T X ) as a subsheaf of Ver p (A° x * , A° x ), where the inclu- 
sion is described in local holomorphic coordinates z\, . . . , z n by 

d df 
{<t>-^r){fdz h A • • • A dz jk ) = —(f) A dZj 1 A • • • A dz jk . 

We note that A X *(T X ) = @ P A X P {T X ) is a sheaf of differential graded Lie subalgebras 
of Ver* (A° x * , A° x *). A straightforward computation shows that, if z\,...,z n are local 
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d d 

holomorphic coordinates, /, J ordered subsets of {1, . . . , n}, a = jdzj— — , b = gdz j— — . 

CJ Z% CJZj 

f,g€A°jt° then 

/ Qg Qj Q 

da = dfAdzi — , [a,b}= dzi f\dzj [ f—- g 

OZi \ OZi OZj OZj OZi 

Assume now that i : Z X is the inclusion of closed smooth complex submanifold 
and denote by 

i* : (A° x * ,d) ^ (A°/ ,d) 

the morphism of sheaves of differential graded algebras given by restriction of forms on 
Z. 

We denote by 

A° x *(T x )(-\ogZ) = { V G A° X *(T X ) | n(kev{i*)) C ker(i*)}. 

We note that A° X *(T X )(- log Z) is a sheaf of differential graded Lie subalgebras of 
A°'*(T X ) and there exists an exact sequence of fine sheaves 

- A° x *(T x )(-\ogZ) -> A° X *(T X ) -> A°/(N Z]X ) - 0. 

Let (A, m) be a local Artinian C-algebra, every r\ G A x (T X ) <8> m induces an auto- 
morphism 

oo n 

e : A° x * ® A -> A° x * <8> A, e"(/i) = ^ ^-Ah). 

n=0 n - 

If 77 G ^°(T X )(- logZ) m, then e^ker^*) <g> A) = ker(i*) ® A. 

Lemma 5.1. For every local Artinian C-algebra (A, m) and every 77 G „4°'°(Tx) ®tnwe 
/lave 

eio^oe-^a + e^O: A° x ° ® A ^ A / ® A, 
where * is i/ie gauge action on A° X *(T X ) (g> m. /n particular 



ker(d + e T ' * : A ->■ ^ A) = e\O x ® A). 



Proof. This follows from the definition of the gauge action and the fact that A X *(T X ) 
is a subalgebra of T>er*(A x *, A x *). □ 

We denote by A X *(T X )(— log Z) the differential graded Lie algebras of global sections 
of the sheaf A X *(T X )(— log Z), while, according to our general notation, we denote by 
A° X *(T X ) the DGLA of global sections of A X *(T X ). The differential graded Lie algebra 
A X *(T X ) is called the Kodaira- Spencer algebra of X. 

The natural inclusion \ : A x {T X ){— log Z) — > A X *(T X ) is a morphism of differential 
graded Lie algebras and its cokernel is isomorphic to the Dolbeault complex of Nz\x\ in 
particular for every i > 

H\Z,N Z \ X ) ~ ^(^*(T x )M^(T x )(-logZ)) ~ H l+l (C x ). 

In the sequel of this section, just to avoid heavy formulas, we denote by L Z \ X the dif- 
ferential graded Lie algebra A° X *(T X )(— log Z). 

Consider now the associated functor Def x . Since x 1S fnjective we have, for every local 
Artinian C-algebra (A,m), 

MC X (A) = {e^ G Aut A (A x ° ® A) \ rj G A X °(T X ) ® m, e - " * G ® m}. 

Under this identification the gauge action becomes 

exp(L° |x m) x MC X (A) -» MC X (A), (e**, e") o e"^, 
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and then 

Defx( A) = "5&9 - 

xv exp(L| |x ®m) 

Theorem 5.2. There exists an isomorphism of functors 0: Def x — > Hilb^. 

Proof. This is implicitly proved in [31 Sec. 2] and [3] using the theory of transversely 
holomorphic trivialization (in the relative case). Here we sketch a different proof. 
Denote by X = O x H ker(i*) the holomorphic ideal sheaf of Z and define 

9: Bef x (A) -» {ideal sheaves of O x ®c -4}, 0{e v ) = (O x ® A) n e J? (ker(i*) A). 
The morphism 6 is well defined because, if fj, G ® m > t nen 

0(e" o e"^) = (Ox <8> A) n e"(e^(ker(i*) ® A)) = (O x ®A)n e"(ker(i*) A). 

Next, we need to prove that 0(e n ) is flat over A and 6(e ri ) ®a C = 2; clearly we can 
prove the same properties for the sheaf e~ ri (9(e ri )). 
According to Lemma 15. II 

e^(O x ® A) = kei(d + e'^ * 0: A x ° <g> A -> A / ® A), 

and then 

e^tf^)) = (ker(t*) ® ^) n ker (3 + e _r? * 0). 
Since flatness is a local property it is not restrictive to assume X a Stein manifold, 
H l {X,T x ) = and H°(X,T X ) -» H°(Z,N Z{X ) surjective. This implies that fl" 1 ^*) = 
and then the functor Dei£ Z | X is trivial. In particular there exists \i G i^yi^ ® m such 
that e _/x * = e~ v * and therefore 

e^iO^)) = (ker(i*) g> A) n ker(d + * 0) = e^(^(e^)) = e~^(I g> A). 

This proves that 8: Def x — » Hilbf-. It is well known (see e.g. |19| ) that the functor 
Hilb^- is prorepresentable, its tangent space is H°(Z,N Z \ X ) and its obstructions are in 
H l (Z,N z \ x ). Therefore, in order to prove that 8 is an isomorphism it is sufficient to 
prove that it is bijective on tangent space and injective on obstruction space. This is a 
straightforward computation and it is left to the reader. □ 

In analogy with rational homotopy theory (see also next Remark 16. 8j) . it is possible 
to define the Whitehead product 

[,} w : W(Z,N zlx ) x W{Z,N Z \ X ) -> H i+ ^ +l {Z,N z \ x ) 

in the following way. For every cohomology class a G H l (Z, N z \ x ) we denote by a G 
A x l {T x ) a differential form that lifts a. This means in particular that da G ^ % z \ x an d d 
is defined up to elements of dA x ~ (T x ) + V" z \ x - 

Given a G H*(Z,N Z \ X ) and 6 G W(Z,N Z]X ), we define [o,6] w G H i+ i +1 (Z, N z]x ) 
as the cohomology class of — ([a,db] — (— l) % [da, &]). It is easy to verify that [ , ]w is 

well defined and induces a structure of graded Lie algebra on the space ®V l , = 
W-^Z.Nz^). 

Corollary 5.3. The primary obstruction map o/Hilb^ is equal to 

H°(Z,N z]x )^H\Z,N zlx ), a ^~[a,a] w . 

Proof. This follows from the description of the primary obstruction map of the functor 
Def x . □ 
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6. Review of extended deformation functors 

Here we review the basic definitions and properties of extended deformation functors, 
introduced in [22]- We denote by: 

• C the category of all nilpotent finite dimensional dg-algebras over C. 

• Co the full subcategory of C whose objects are the dg-algebras A £ C with 
trivial multiplication, i.e. A-A = 0. 

In other words an object in C is a finite dimensional complex A = ®Ai endowed with 
a structure of dg-algebra such that A-A ■ ■ ■ (n factors) • • • A = for n >> 0. Note that if 
A = Aq is concentrated in degree 0, then A € C if and only if A is the maximal ideal of 
a local artinian C-algebra with residue field C. 

There is an obvious equivalence between Co and the category of finite dimensional 
complexes of C- vector spaces. 

If A € C and I C A is a differential ideal, then also I G C and the inclusion I —> A 
is a morphism of dg-algebras. 

Definition 6.1. A small extension in C is a short exact sequence of complexes 

— >I — >A-^B — >0 

such that a is a morphism in C and I is an ideal of A such that AI = 0; in addition it 
is called acyclic if I is an acyclic complex, or equivalently if a is a quasiisomorphism. 

Definition 6.2. A covariant functor F : C — > Set is called a predeformation functor if 
the following conditions are satisfied: 

Ol: F(0) = {one element}. 

16.21 2: For every A, B € C, the natural map 

F(A x B) -> F(A) x F{B) 

is bijective. 

16.21 3: For every surjective morphism a: A — > C in C, with C £ Co an acyclic complex, 
the natural morphism 

F(ker(a)) -> F(A) 

is bijective. 

16.21 4: For every pair of morphisms a: A — > C, (3: B — > C inC, with a surjective, the 
natural map 

F(Ax c B)^F(A) x F{c) F(B) 

is surjective 
16.21 5: For every acyclic small extension 

— >I — >A — >B — >0 

the induced map F(A) — > F(B) is surjective. 

Definition 6.3. A covariant functor F: C — > Set is called a deformation functor if it 
is a predeformation functor and F(I) = for every acyclic complex I € Co- 

Example 6.4. Let L be a differential graded Lie algebra and A € C; then the tensor 
product L <S> A has a natural structure of nilpotent DGLA with 

(L<S)Ay = @ j& L j <g) A^j 

d(x (8) a) =dx (8) a + (-l) dcg(z) x ® da 

[x <g> a, y ® b] =(-l) dc s( a ) de s^) [ x , y] a& 
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Every morphism of DGLA, L — > N and every morphism A — » B in C give a natural 
commutative diagram of morphisms of differential graded Lie algebras 

L (£> A — > N ®A 



L(g>B — ► N®B 
The (extended) exponential functor expL : C — > Set is denned as 

exp L (A) = exp(#°(L ® A)). 
It is a deformation functor in the sense of 16.31 

Example 6.5. The (extended) deformation governed by L are by definition given by 
the functor 

53,: set, 5a tW = {' e(£8 f 'f +1 f;f 1/2 °? } . 

Gauge action of exp((L A) u ) 

It is proved in [22] that Defz, is a deformation functor in the sense of Definition 16.31 

For every predeformation functor F and every A G Co there exists a natural structure 
of vector space on F(A), where the sum and the scalar multiplication are described by 
the maps 

A x A^A => F(A x A) = F{A) x F{A)^F(A) 

seC, A-^A F(A)-^F(A) 

If A — > i? is a morphism in Co, then jP(-A) — > F(B) is C-linear. Similarly if i 7 — > G is a 
natural transformations of predeformation functors, the map F{A) — > G(A) is Cdinear 
for every A G Cq. 



Definition 6.6. Let F be a deformation functor and denote TF[l] n = T n+1 F = F(Ce), 
where e is an indeterminate of degree — n G Z such that e 2 = 0. The graded vector space 
TF[1] = neZ TF[l] n is called the tangent space of F. 

A natural transformation F — * G of deformation functors is called a quasiisomorphism 
if induces an isomorphism on tangent spaces, i.e. if T n F — > T n G is bijective for every n. 

For example, if L is a differential graded Lie algebra, then T n exp^ = H n ~~ 1 (L) and 
T n Def L = H n (L). 

Theorem 6.7 (Inverse function theorem). A natural transformation of deformation 
functors is an isomorphism if and only if it is a quasiisomorphism. 

Proof. See [22j Cor. 3.2] or ^ Cor. 5.72]. □ 

Remark 6.8. It is proved in that for every deformation functor F it is defined the 
Whitehead product on its tangent space 

[,] w : TF[lf x TF[l] j -» TF[l] i+J+1 

inducing a graded Lie algebra structure on ©T n i ? . As in the topological case (see e.g. 
30, p. Ill]), the product [ , ] w measure the obstruction to lifting a map from a wedge 
(of spheres in topology and of dg-fat points in deformation theory) to a product. In the 
topological analogy, the space ni(X)<S>Q corresponds to TFjl]"', where F = Mor(— , X). 
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7. Extended deformations from SMC 

The aim of this section is to interpret the functors exp^ and Def l as special cases of 
a suitable functor Def x , where x is a morphism of differential graded Lie algebras. 

Definition 7.1. Let x : L — > M be a morphism of differential graded Lie algebras. The 
(extended) Maurer-Cartan functor MC X : C — ► Set is defined as 

MC^) = {(„ 6 ,L . ^ x exp((M * A« | * + i :„,] = 0, ^. = o} , 

where * is the gauge action of exp((M £g> A) ) on MC X (^4) 

\ a In 

e a * to = u; + _LJ — -rrila, w] — da), 
(n + 1)! 

n>0 V ' 

Lemma 7.2. MC X is a predeformation functor. 

Proof. It is evident that MC x (0) = and for every pair of morphisms a: A — > C, 
(3: B — > C in C we have 

MC X (^ x c B) = MC X (A) x MCx (C) MC X (B) 

and then MC X satisfies properties IQl. IFT212. Q3 and!Q4. 

Let — ►/ — >A-^-B — >0 be an acyclic small extension and (x,e q ) G MC X (B). 

Since a is surjective there exists a pair (y,e p ) G [L (g> A) 1 x exp((M (g) A) ) such that 

a(y) = x and oj(p) = q. Setting 

h = dy + -[y,y] G (L ® J) 2 

we have 

d/i = -d[y,y] = = - -[[y,y],y]- 

By Jacobi identity [[y, y],y] = 0, while [h, y] = because AI = 0; therefore dh = and, 
since the complex L (g> I is acyclic by Kiinneth formula, there exists s G (L ® I) 1 such 
that = /i. 

The element x = y — s lifts x and satisfies the Maurer-Cartan equation. 

The element z = eP * x(x) belongs to M ® J and satisfies Maurer-Cartan equation. This 

means that = and then, since M 1 is acyclic, there exists r € (M ® 7)° such that 

e r e p * x(%) = e r *z = z — dr = 

and then (x, e r e p ) G MC X (A) is a lifting of (x, e 9 ). □ 

Definition 7.3. The functor Def x : C -> Set is the quotient Def x (A) = MC X (^)/ ~, 
where 

(x,e 9 ) ~ (e°*x,e d6 e 9 e-^ a )), ae{L®Af, b^{M®A)- 1 . 

In other words, Def x (A) is the set of orbits of the action 

(exp((L ®A)°)x exp(d(M <g> vl)" 1 )) x MC X (A) -» MC X (A) 

((e a , e db ), (x, e q )) » (e a * x, e<V e -* (a) ). 
Notice that exp(<i(M ® A)^ 1 )) is the irrelevant stabilizer of 0. We have: 

• If M = 0, then Def x = Def L . 

• If L = 0, then Def x = exp A /. 

Theorem 7.4. Def x : C — > Set is a deformation functor with T l Def x = H l (C x ). 
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Proof. If C G Co then L ® C and M ® C are abelian differential graded Lie algebras and 
MC X {C) = {(x, e m ) | dx = 0, - dm = 0}, 

{(x, e m ) | dx = 0, ~~ ^ m = 0} 



Def x (C) 



{(-d|/,e*-x(»)) | y g (L® 6 G (M ® C)^ 1 }' 



Therefore Def x (C) is isomorphic to the i/ 1 of the suspended mapping cone of x '■ £®C — > 
iW® C. If C is acyclic then Def x (C) = 0; we have proved that Def x satisfies the second 
condition of Definition 16.31 and remains to prove that Def x is a predeformation functor. 
Since Def x is the quotient of the predeformation functor MC X , the conditions 16.21 1 and 
16.21 5 are trivially verified. 

It is clear from the definition that Def x (A x B) = Def x (^4) x Def x (£>). 
Verification of \6.2L l : Let a: A ^ C, (3: B ^ C morphism in C with a surjective. 
Assume there are given (a,e p ) 6 MC X (^4), (b,e q ) G MC X (B) such that a(a, e p ) and 
P(b,e q ) give the same element in Def x (C); then there exist u G (L ® C)° and A; G 
(M ® C)- 1 such that 

(3(b) = e u * a(a), /3(e g ) = e*a(e p )e-*^. 

Let v G (-L ® A) be a lifting of u and /i G (M ® be a lifting of k. 
Replacing (a, e p ) with its gauge equivalent element (e v *a, e dh e p e~ x( - v ^), we may suppose 
a(a,e p ) = P(b,e q ) and then the pair ((a,e p ), (b,e q )) lifts to MC X (A x c B): this proves 
that the map 

De~t x (A x c B)^ Del x (A) x^ fx(c) Drf x (S) 

is surjective. 

Verification of \6. 6 A 3 Assume C G Co acyclic, a: A — » C surjective and denote D = 
ker(a). 

Let (ai,e Pl ), (a 2 ,e P2 ) G MC X (D), u G (L ® ^4)° and k G (M ® A)' 1 be such that 
a 2 = e u * a x and e P2 = e dk e pi e~ xi - u \ 

We want to prove that there exist v G (L®D) and / G (M®D) _1 such that e^ai = a 2 
and e P2 = e pi e~ xi - v \ 

Since a(a\) = 0(02) = and L®C is an abelian DGLA we have = e a ^ *0 = — da(it) 
and then da(u) = 0. Since L ® C is acyclic there exists h G (L (8) ^4) _1 such that 
da(h) = — a(n) and u + dh £ (L ® Z3)°. 

Setting it; = [01, /i] + d/t, then e w belongs to the irrelevant stabilizer of ai and therefore 
(e u e w ) * a\ = e u * a± = a 2 . Writing e u e w = e v , we claim that v G L ® D: in fact 

v = u«t(; = n + t(; = n + (i/i (mod [L ® A, L ® A]) 

and since A- A C D we have v = u»w = u + dh = (mod L ® D). 

On the other hand, e x ^ belongs to the irrelevant stabilizer of x(°i) an d then there 

exists I G (M ® A) -1 such that e dk e Pl e x ^ = e dl e Pl ; we can write 

e P2 _ e dk e pi e -x(u) _ e * e Pi e x(«') e -x(w) e -xH _ e d ' e Pi e ~x(f)_ 

Since exp((M®D)°) is a subgroup of exp((M®A)°) we have e dl G exp((M®Z})°) and 
then dl £ M tg> D. 

The inclusion M ® D — > M ® ^4 is a quasiisomorphism and then the cohomology class 
of dl is trivial in M ® D. There exists / G (M ® D)~ 1 such that df = dl and then 

e p 2 _ gd/gPig-xW. □ 
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It is clear that every commutative diagram of morphisms of differential graded Lie 
algebras 

L H 



n 



x 
V 

M I 
induces a natural transformation of functors 

Def x — > Def v . 

The inverse function theorem implies that such a natural transformation is an isomor- 
phism if and only if the pair (/, /') induce a quasiisomorphism between the SMC of % 
and rj. 

Example 7.5. Assume that L ^ M is a surjective morphism of differential graded 
Lie algebras, then N = ker(x) is a differential graded Lie algebra and the commutative 
diagram 

N ^ L 

x 

— > M 

induce an isomorphism H*{N)—^H*(C X ). Therefore the natural transformation Def^ — > 
Def x is an isomorphism. 

The next theorem shows that^^eyen Sijxjs not surjective, there exists a differential 
graded Lie algebra H such that Def# — Def x . 

Denote by M[t, dt] = M <g> C[t, dt], where C[t, dt] is the polynomial De Rham algebra of 
the affine line. More precisely C[t, dt] = C[t] ®C[t]dt, t has degree 0, dt has degree 1 and 
d(p(i) + q(t)dt) = p'(t)dt. 

The inclusion C — > C[t, dt] is a quasiisomorphism and then, by Kiinneth formula, also 
the inclusion i: M — > M[t, dt] is a quasiisomorphism of differential graded Lie algebras. 
Define, fore every a E C the evaluation morphism 



e a : M[t, dt] -» M, e a (^ mfi + mfdt) = ^ 



mid 



is a morphism of DGLA which is a left inverse of the inclusion i; in particular e a is a 
surjective quasiisomorphism for every a. 

Theorem 7.6. For every morphism %: L — > M o/ differential graded Lie algebras, the 
fiber product 

H = {(l,m) £Lx M[t,di] | e (m) = 0, ei(m) = x(0) 
is a differential graded Lie algebra and Defn = Def x . 
Proof. Setting 

K = {(l,m) £Lx Af[*,rft] | ei(m) = x(0) 
we have a commutative diagram 



L -U K 



x 



f(i) = (i,x(i))- 



M M 



Passing to SMC we get an isomorphism (/, Id) : H*(C X ) —>■ H*(C eo ) and il is the kernel 
of the surjective morphism eo- □ 
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Proof of Theorem \2. 11 By definition, for every (A, m) € Art and every \' L — > M we 
have T>ei x (A) = Def x (m). The proof follows from Theorem 17.41 and inverse function 
theorem 16, 71 □ 



8. A NEW LOOK TO CARTAN FORMULAS 

For every differential graded vector space (V,dv) and every integer i £ Z, we define 
the shifted differential graded vector space by setting 

vw = v^, d v[A = (-l) i d v . 
Next, for every pair V, W of differential graded vector spaces we define 

Htp(V, W) = Hom*(V[l], W). 
In other terms, for every integer i we have 

Htp*(V;W) = Hom i (y[l],VF) = HQm i-1 (v;wo 
and the differential of Htp(V, W) is given by the formula 

Htp^V, W) 3 f » 5(f) = d w f - (-iyfd v[1] = d w f + (-lYfdv. 

Let A" be a complex manifold with Kodaira-Spencer algebra A^*(Tx) and denote by 
(Ax, d) the De Rham complex of X, i.e. Ax = ® PA A p,q and d = d + d. 
The contraction map is the linear map 



defined as 



i: A° x *(Tx) — > Horn* (Ax , Ax) 



i a (uj) = aju, aeA x *(T x ), u G A x . 



A x \ 
dAx) 



Note that i: A X \T X ) -» ® h ,i Hom c (^, A h ~ hl+l ) C Rom^ 1 (A x , A x ) and then i 
has degree —1. 

Denoting by [ , ] the standard bracket in the DGLA Horn* (Ax, Ax), we have the 
Cartan formulas (for a proof see e.g. [2B]) |24j ) 

ida = [d,i a ], i[a,b] = [ia.,[d,i b ]] = [[ia,d],i b ], [i a ,i b }=0. 

In order to interpret i as a morphism of differential graded Lie algebras we need to 

consider the DGLA given by the differential graded vector space Htp ^ker(<9) 

(whose differential is 5(f) = df + (— l) dcg( -^ fd) with the bracket 

{f,g} = fdg-(-l) de ^ de ^gdf. 

Proposition 8.1. The linear map 

i:A° x *(T x ) ^m P (ker(d),^j 

is a morphism of differential graded Lie algebras. 

Proof. Straightforward consequence of Cartan formulas. □ 

Consider now a smooth closed submanifold Z C X and denote by Iz C Ax the graded 
subspace of differential forms vanishing on Z. Since 

A x *(T x )(-logZ) C {a G A° X *(T X ) | i a (I z ) C I z }, 
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we have a commutative diagram of morphisms of DGLA 



A\\T x ){-logZ) |/ 6 Htp (ker(d), \ f(I z n ker(9)) C - } 



4*(T*) -1* Htp (ker(9), 

Notice that 

Cokerfr?) = Htp ( I z n ker(d), — ^- ) . 

Lemma 8.2. If the differential graded vector spaces (dA x ,d) and (dA z ,d) are acyclic, 
then the functor Def v is unobstructed. In particular the obstructions of Def x = Hilb^ 
are contained in the kernel of 



H 1 {N Z \ X ) = H 2 (C X )^H 2 (C V ) = 0Hom W{I Z n ker(d)), H 

i 

Proof. We first note that the exact sequence 

— >I Z n dA x — >dA x — >BA Z — >0 

implies that also the complex I z n dA x is acyclic. 
For simplicity of notation denote 

K = {/ e Htp (ker(S), §-) | f(I z n ker( 8) ) c . 

The projection ker((9) —* ker(<9)/cMx induces a commutative diagram 
{/ G K | f(dA x ) = 0} 



/ker(d) A x \ „d _ / ... A* \ 

Mw'^J Htp r r(a), ^J 

Since cMx is acyclic, /3 is a quasiisomorphism of DGLA. 
Since 

Cokerfa) = {/ € Htp (ftfc, ^) | f(I z n 8^) C 7;? |^ 
there exists an exact sequence 

Since the complexes - — — ^ = cM^ and I z PI (Mx are both acyclic, also Coker(a) 

is acyclic and then a is a quasiisomorphism. According to Theorem 12.11 there exists an 
isomorphism of functors Def^ = Def^. 

On the other side, both algebras on the first column are abelian and then, by Lemma 
12.21 the functor Def^ is smooth. The vanishing of obstructions follows from Proposition 

E3 □ 
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9. Examples and applications 

In the notation of previous section, the contraction operator gives a morphism of 
complexes 

t: A°/(T x )^m P (ker(d),Ax), 

where the differential on Htp (ker(<9), Ax) is / i— > df ± fd. The inclusion Iz (1 ker(<9) C 
ker(<9) and the projection Ax —* Az give a morphism of complexes 

ttz : Htp (ker(d), A*) -> Htp (/ z n ker(5), A z ) . 

The subalgebra A^*(Tx)(— log Z) is contained in the kernel of the composition and 
therefore there exists a quotient map 

TT Z i: Af(N z]x ) -»Htp(I z nker(0),A z ). 

If u € J z is a closed (p, g)-form, then 5a; = du = and then gives a morphism of 
complexes 

Therefore the Theorem 10. II is completely equivalent to 

Theorem 9.1. In the above notation, if X is compact Kahler, then the obstruction to 
Hilbf are contained in the kernel of 

v z i: H l {Af{N z \ x )) IT 1 (Htp (/ 2 n ker(5), A z )). 

Proof. Since X is compact Kahler, the subcomplex Im(<9) = <9Ax C Ax is acyclic. In 
fact by 99-lemma we have 

ker(9) n Im(<9) = ker(<9) n Im(<9) = lm(dd) 

and the equality ker(<9) fl Im(<9) = Im(<9(?) implies immediately that H^(lm(d)) = 0. 
Moreover, also Z is Kahler and then the same conclusion holds for the complex dAz- In 
particular the projection 



Htp (I z n ker(d), A z ) -» Htp ( J z n ker(d) 



A 



z 



is a quasiisomorphism. By Lemma 18.21 the obstruction space of Hilb^ is contained in 
the kernel of the linear map 



dA z , 

'■ 11 - 



H\N z \x) WHtp(7 z nker(d),^) 



Horn (iP(I z nker(d)),iT Q^-j 



□ 



The interplay between semiregularity and embedded deformations has been studied 
by Severi [2Di for curves on surfaces, by Kodaira and Spencer ^Hj for submanifolds of 
codimension 1 and by S. Bloch |2j for every submanifolds of a projective variety. They 
proved that if the semiregularity map is injective, then the corresponding embedded 
deformations are unobstructed. 

Corollary 9.2. Let Z be a smooth closed submanifold of codimension p of a compact 
Kahler manifold X. Then the obstruction space of Hilb^- is contained in the kernel of 
the semiregularity map 

H l {Z,N z \x)^H^\X^ 1 ). 
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Proof. Under our assumption the semiregularity map can be denned in the following 
way: let n be the dimension of X and denote by Ti the space of harmonic forms on X 
of type (n — p + l,n — p — 1). By Dolbeault theorem and Serre duality, the dual of TL is 
isomorphic to H P+1 (X, n?' 1 ). 

The composition of the contraction map and integration on Z gives a bilinear map 

H\Z,N Z]X ) x H - H n -P(Z,fl n z - p ) -> C, lr, t u>) = [ rpu, 

Jz 

which induces the semiregularity map 

r 1 {z,n ax ) -^n y = h p+1 (x, n^ 1 ). 

Since TL C Iz H ker(9) n ker(<9), the proof follows immediately from Theorem 10,11 □ 

Remark 9.3. It is not clear to me if Corollary 19. 21 is valid without the Kahler assumption; 
a closer look to the proofs shows that the <9<9-lemma on Z is not required and then the 
Kahler assumption can be weakened to the validity of the 99-lemma on X. Therefore, 
according to Cor. 5.23], the Corollary 19.21 holds for every compact complex manifold 
X which can be blown up to a Kahler manifold; in particular it holds for every Moishezon 
variety. 

Corollary 9.4 (Voisin [B^)* Let X be a Kahler and holomorphic symplectic variety and 
let Z C X be a holomorphic lagrangian submanifold. Then Hilb^ is smooth. 

Proof. Let oj be the holomorphic symplectic (2, 0)-form on X. If Z is a lagrangian 
submanifold then U\ z = and the contraction with oj gives an isomorphism of vector 
bundles over Z 

jw: N z]x ^->n z . 

In particular the map 

^:H 1 {Z,N Z \ X )^H\Z^ Z ) 
is injective and then, according to Theorem lO,l[ every obstruction of Hilb^- vanishes. □ 
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